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(hyperbolic grOuP, Coxeter grouP, etc) boundary
boundary
– Bestvina [Be2] Coxeter
group boundary Dranishnikov [Drl]
Coxeter group boundary
Coxeter group $\Gamma$ boundary $\partial\Gamma$ $\dim\partial\Gamma=2,$ $\dim_{\mathrm{Q}}\partial\Gamma=1$ Dranish-
nikov [Drl] abelian group $G$ compact metric
space $X$ cohomological dimension $\dim_{G}X$
$\dim_{G}X=\sup$ { $i|\check{H}^{i}(X,$ $A;G)\neq 0$ for some closed set $A\subset X$ }
$X$ $\dim X=\dim_{\mathrm{Z}}X$ $X$ polyhedron
manifold $G$ $\dim X=\dim cX$
Coxeter group boundary polyhedron
manifold –
$-$ compact metric space cohomological dimension theory
compact metric space X $\dim X_{n}=n,$ $\dim_{\mathrm{Q}}X_{n}=1$
$n=2$ 1930 Pontryagin $n=3$
1960 Kuzminov [Ku] $n$ 1980
Dranishnikov [Dr3] ( cohomological
dimension compact metric space )
Problem 1.1 (Dranishnikov [Drl]) Does there exists a Coxeter group $\Gamma_{n}$ such that
$\dim\partial\Gamma_{n}=n$ and $\dim_{\mathrm{Q}}\partial\Gamma_{n}=1$ ?
Problem $n\geq 3$ Bestvina-Mess
Dranishnikov Problem
1074 1999 69-75 69
2 Coxeter group
(right-angled) Coxeter group (right-angled) Coxeter system
Definition 2.1 Let $V$ be a finite set. Let $m:V\cross Varrow \mathrm{N}\cup\{\infty\}$ be a map satisfying the
following conditions:
(i) $m(v, w)=m(w, v)$ for all $v,$ $w\in V$ ,
(ii) $m(v, v)=1$ for all $v\in V$ ,
(iii) $m(v, w)\geq 2$ for all $v\neq w\in V$ .
The group $\Gamma$ given by the presentation $\langle$ V $|(vw)^{m(w)}v,=1$ for $v,$ $w\in V\rangle$ is called a Coxeter
group and the pair $(\Gamma, V)$ is called a Coxeter system. If $m(v, w)=2$ or $\infty$ for all $v\neq w\in V$ ,
then $\mathrm{t}\mathrm{Y}\mathrm{e}$ group $\Gamma$ is called a right-angled Coxeter group and the pair $(\Gamma, V)$ is called a right-
angled Coxeter system.
Coxeter system $(\Gamma, V)$ $W\subset V$ $\Gamma_{W}$ $W$ $\Gamma$
$(\Gamma_{W}, W)$ Coxeter system $\mathrm{r}_{w}$ $\Gamma$ parabolic subgroup
Coxeter system $(\Gamma, V)$ simplicial complex $K(\Gamma, V)$
Definition 2.2 Let $F$ be the set of all nonempty subsets of $V$ that generated a finite
subgroup of $\Gamma$ , i.e.
$\mathcal{F}=$ { $W\subset V|\Gamma_{W}$ : finite group, $W\neq\emptyset$ }.
Then the simplicial complex $K(\Gamma, V)$ is defined by the following conditions:
(i) the set of vertices of $K(\Gamma, V)$ is $V$ ,
(ii) for $v_{0},$ $\ldots,$ $v_{k}\in V,$ $\{v_{0}, \ldots, v_{k}\}$ spans asimplex of $K(\Gamma, V)$ if and only if $\{v_{0}, \ldots, v_{k}\}\in$
$F$ .
Right-angled Coxeter system $K(\Gamma, V)$ flag complex
Definition 2.3 A simplicial complex $K$ is called a flag complex if any finite set of vertices,
which are pairwise joined by edges, spans a simplex in $K$ .
Remark 2.4 The barycentric subdivision of a simplicial complex is a flag complex.
Proposition 25 (Davis [Dal])
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(1) Let $(\Gamma, V)$ be a right-angled Coxeter system. Then $K(\Gamma, V)$ is a finite flag complex.
(2) Let $K$ be a any finite flag complex. Then there is a right-angled Coxeter system
$(\Gamma, V)$ with $K(\Gamma, V)=K$ . Namely, let $V$ be the vertex set of $K$ and define $m$ :
$V\cross Varrow \mathrm{N}\mathrm{U}\{\infty\}$ by
$m(v, w)=\{$
1 if $v=w$
2if $\{v, w\}$ spans an edge in $K$
$\infty$ otherwise
If $\Gamma$ is the associated right-angled Coxeter group, then $K(\Gamma, V)=K$ .
Proposition right-angled Coxeter system finite flag complex – –
3 Coxeter group $\sigma$) virtual cohomological dimension
cohomological dimension $\circ$
Definition 3.1 Let $\Gamma$ be a group and $R$ be a ring with 1. The cohomological dimension
of $\Gamma$ over $R$ is defined as
$\mathrm{c}\mathrm{d}_{R}\Gamma=\sup$ { $i|H^{i}(\Gamma;M)\neq 0$ for some $R\Gamma$-module $M$ }.
If $R=\mathrm{Z}$ then $\mathrm{c}\mathrm{d}_{\mathrm{Z}}\Gamma$ is simply called the cohomological dimension of $\Gamma$ , and denoted by
$\mathrm{c}\mathrm{d}\Gamma$ .
finite index torsion-free subgroup virtually torsion-free group
virtual cohomological dimension
Definition 3.2 Let $\Gamma$ be a virtually torsion-free group and $\Gamma’\subset\Gamma$ be a torsion-free sub-
group of finite index. Then the virtual cohomological dimension of $\Gamma$ over a ring $R$ is
defined as $\mathrm{c}\mathrm{d}_{R}\Gamma’$ , and denoted by $\mathrm{v}\mathrm{c}\mathrm{d}_{R}\Gamma$ . If $R=\mathrm{Z}$ then vcdz $\Gamma$ is simply called the virtual
cohomological dimension of $\Gamma$ , and denoted by vcd $\Gamma$ .
Remark 3.3 A Coxeter group is virtually torsion-free and the virtual cohomological dimen-
sion of a Coxeter group is finite.
Theorem Dranishnikov Theorem Coxeter group
virtual cohomological dimension $K(\Gamma, V)$
Theorem 3.4 (Dranishnikov [Drl]) Let $(\Gamma, V)$ be a Coxeter system and $R$ be a princi-
pal ideal domain. Then there is the formula
$\mathrm{v}\mathrm{c}\mathrm{d}_{R}\Gamma=\max\{1\mathrm{c}\mathrm{d}RK(\Gamma, V), \mathrm{c}\mathrm{d}RK(\Gamma, V)+1\}$ .
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simplicial complex $K$ abelian group $G$ $G$ $K$




$1 \mathrm{c}\mathrm{d}_{c^{K}}=\max_{\sigma\in K}$ { $i|H^{i}(\mathrm{S}\mathrm{t}(\sigma,$ $K)$ , Lk $(\sigma,$ $K);^{c)}\neq 0$}
$\mathrm{c}\mathrm{d}_{G}K=\max\{i|H^{i}(K;G)\neq 0\}$
Proposition 3.5 (Dranishnikov [Drl]) Let $K$ be a $n$-dimensional simplicial complex.Then
(1) $\mathrm{c}\mathrm{d}_{G}K\leq 1\mathrm{c}\mathrm{d}_{c^{K}}\leq\dim K$ for any abelian group $G$ ,
(2) $1\mathrm{c}\mathrm{d}_{G^{\mathrm{S}}}\mathrm{d}K=n$ for any non-trivial abelian group $G$ .
Here sd $K$ is the barycentric subdivision of $K$ .
4 Coxeter grouP boundary
right-angled Coxeter group Right-angled
Coxeter group boundary right-angled Coxeter system $(\Gamma, V)$
cubical complex $\Sigma(\Gamma, V)$
Definition 4.1 The cubical complex $\Sigma(\Gamma, V)$ is defined by the following conditions:
(i) the vertex set of $\Sigma(\Gamma, V)$ is $\Gamma$ ,
(ii) for $\gamma,$ $\gamma’\in\Gamma,$ $\{\gamma, \gamma’\}$ spans an edge in $\Sigma(\Gamma, V)$ if and only if the length $\ell_{V}(\gamma^{-1}\gamma’)=1$ ,
(iii) for $\gamma\in\Gamma$ and $v_{0},$ $\ldots,$ $v_{k}\in V$ , the edges $|\gamma,$ $\gamma v_{0}|,$ $\ldots,$ $|\gamma,$ $\gamma v_{k}|$ form a $k$-cube in $\Sigma(\Gamma, V)$
if and only if $\{v_{0}, \ldots, v_{k}\}$ spans a $k$-simplex in $K(\Gamma, V)$ .
We define the natural metric $\mathrm{o}\mathrm{n}+_{\lrcorner}\mathrm{h}\mathrm{e}$ cubical complex $\Sigma(\Gamma, V)$ on which each cube of $\Sigma(\Gamma, V)$
is isometric to the standard unit cube in Euclidean space.
$\Sigma(\Gamma, V)$
Proposition 42 (cf. Davis [Da2])
(1) The cubical complex $\Sigma(\Gamma, V)$ is a CAT(O) geodesic space and contractible.
(2) Let $\Gamma’\subset\Gamma$ be a torsion-free subgroup of finite index. Then $\Sigma(\Gamma, V)$ is the universal
cover of an Eilenberg-MacLane complex $K(\Gamma’, 1)$ .
(3) $vcd_{R} \Gamma=\max\{i|H_{c}^{i}(\Sigma(\Gamma, V);R)\neq 0\}$ .
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CAT(O) geodesic space
Definition 4.3 Let (X, $d$) be a metric space. A path $g:[0, a]arrow X$ is a geodesic if it is an
isometric embedding, i.e., if $d(g(t), g(s))=|t-s|$ for all $s,$ $t\in[0, a]$ . A metric space $X$ is
a geodesic space if any two points can be connected by a geodesic segment.
Let $X$ be a geodesic space. For any triangle $x_{0},$ $x_{1},$ $x2\in X$ , a triangle $x_{0’ 1}’x’’,$$x_{2}\in \mathrm{R}^{2}$ is
called a comparison triangle for $x_{0},$ $x_{1},$ $x2$ if $d(x_{i,j}x)=||x_{i^{-X_{j}||}}’$’ for $i,j\in\{0,1,2\}$ . $X$ is
called a $CA\tau(\mathrm{O})$ space if for every three points $x_{0},$ $x_{1},$ $x2\in X$ and for every point $y$ lying
on a geodesic joining $x_{1}$ and $x_{2},$ $d(x_{0,y)}\leq||X_{0^{-y}}’J||$ for corresponding comparison triangle
$x_{0’ 1}’x^{;},$ $x_{2}^{;}\in \mathrm{R}^{2}$ and corresponding point $y’\in \mathrm{R}^{2}$ .
CAT(O) geodesic space visual sphere
Definition 4.4 Let $X$ be a CAT(O) geodesic space. For $x\in X$ , the visual sphere of $X$ at
$x$ is dePned as $S_{x}(\infty)=$ { $g$ : $[0,$ $\infty)arrow X$geodesic ray $|g(0)=x$} with the topology of the
uniform convergence on compact sets.
Proposition 4.5 (cf. Davis [Da2], Dranishnikov [Dr2]) Let $X$ be a proper CAT(O)
geodesic space. (A metric space is proper if every closed metric ball is compact. )
(1) A visual sphere is a compact metrizable space and $X$ can be compactified by adding
a visual sphere $S_{x}(\infty)$ .
(2) For every $x,$ $y\in X$ , the visual spheres $S_{x}(\infty)$ and $S_{y}(\infty)$ are homeomorophic.
right-angled Coxeter group boundary
Definition 4.6 For a right-angled Coxeter system $(\Gamma, V)$ , the boundary $\partial\Gamma$ of $\Gamma$ is defined
as the visual sphere of CAT(O) geodesic space $\Sigma(\Gamma, V)$ .
Coxeter group boundary Theorem
hyperbolic group Bestvina-Mess [B-M] $0$
Theorem 4.7 (Bestvina-Mess [B-M], Dranishnikov [Drl]) Let $(\Gamma, V)$ be a Coxeter
system.Then
(1) $\Sigma(\Gamma, V)\cup\partial\Gamma$ is an $\mathrm{A}\mathrm{R}$ , and $\partial\Gamma$ is a $\mathrm{Z}$-set in $\Sigma(\Gamma, V)$ $\partial\Gamma$
(2) $\dim_{R}\partial\Gamma=\mathrm{v}\mathrm{c}\mathrm{d}_{R}\Gamma-1$ for any ring $R$ with 1.
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5 Dranishnikov
Problem 1.1 Theorem 4.7 Problem 1.1
Problem 5.1 Does there exists a Coxeter group $\Gamma_{n}$ such that vcd $\Gamma_{n}=n+1$ and $\mathrm{v}\mathrm{c}\mathrm{d}_{\mathrm{Q}n}\Gamma=$
$2$ ?
right-angled Coxeter group Problem 5.1 Theorem 3.4 Proposi-
tion 2.5
Problem 5.2 Does there exists a Pnite flag complex $K_{n}$ such that
$\max\{1\mathrm{c}\mathrm{d}_{\mathrm{z}}Kn’ \mathrm{c}\mathrm{d}_{\mathrm{Z}}K_{n}+1\}=n+1$ and
$\max\{1\mathrm{C}\mathrm{d}\mathrm{Q}Kn’ \mathrm{c}\mathrm{d}_{\mathrm{Q}}K_{n}+1\}=2$ ?
global cohomological dimension finite flag complex
$\mathrm{c}\mathrm{d}_{\mathrm{Z}}L=n,$ $\mathrm{c}\mathrm{d}_{\mathrm{Q}}L=1$ finite simplicial complex $L$
$K$ $\mathrm{c}\mathrm{d}_{\mathrm{Z}}K=n,$ $\mathrm{c}\mathrm{d}_{\mathrm{Q}}K=1$ finite flag complex $K$
Proposition 35 $1\mathrm{c}\mathrm{d}_{\mathrm{Q}}K=1\mathrm{c}\mathrm{d}_{\mathrm{Z}}K=\dim K$
$\max\{\mathrm{l}\mathrm{c}\mathrm{d}\mathrm{Q}K, \mathrm{c}\mathrm{d}_{\mathrm{Q}}K+1\}=\dim K$ $n=2$
$K_{2}$ (Dranishnikov [Drl]) $n\geq 3$
$K_{n}$ $n=3$ local cohomological
dimension finite flag complex Dranishnikov [Drl]
global cohomological dimension
Problem 1.1
$l_{_{\text{ }}^{}rightarrow}$ flag complex $\sigma$) global cohomological dimension $\text{ }$ local cohomological dimension $\sigma$)
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